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INTRODUCTION 
The estimation of the multiple scattering effect for distributed defects is one of 
the important problems for the ultrasonic damage evaluation of structural compo-
nents. The effect of the multiple scattering for cracks in the three-dimensional elas-
tic body is discussed in this study. The multiple scattering problem is formulated 
first by the boundary integral equations. The Born series algorithm is introduced in 
the process to solve the boundary integral equations. In the numerical analysis, an 
advantageous feature of the Born series strategy is used to save the memory of the 
3D calculations for multiple scattering problems. The numerical convergence of the 
Born series integral equation is examined and the effect of the multiple scattering is 
discussed for the scattering cross-section of two adjacent plane circular cracks. 
The present formulation of the boundary integral equation for two cracks is 
based on the previous paper [1] for the single crack problem. The Born series strat-
egy has been adopted by Schuster[2J to solve the scattering problem of cylindrical 
scatterers in an acoustic medium. Multiple scattering problems have been widely 
treated by the T-matrix method [3-5J. For a circular crack, the scattering cross-
section has been calculated by Krenk and Schmidt [6] and Martin and Wickham [7J. 
STRESS BOUNDARY INTEGRAL EQUATIONS 
The boundary integral equations for the single crack are summarized first 
for the convenience of the latter sections. We consider the stress-free crack Be as 
shown in Figure 1. For the planar crack, it is convenient to choose the X3 axis so as 
to coincide with the unit normal vector of the crack surface. In Figure 1, uIN is the 
incident wave field and use is the scattered wave field. The scattered stress field 
aZe is expressed as 
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Figure 1. Local crack coordinate and crack surface Se in 3D elastic space D. 
XED (1) 
where ~um is the crack opening displacement and 3 kmn is the stress Green's func-
tion in the full-space. In order to reduce the hyper-singularity of Equation (1) when 
we take the field point X on the crack surface, the stress Green's function 3kmn 
is divided into the sum of the singular term 3~mn and the regular term L 3 kmn . 
Moreover the integration by parts and the equilibrium condition 3~m3 3 = -3~mQ Q 
are introduced for the singular term. Then the expression of the scatt~red stress ' 
field reduces to the following form [1]: 
a~e (x) = r CijkQ3~m3~Um,Q(y)dSy + L r CijkQ3km3,Q~Um(y)dSy Jsc n Jsc 
- r Cijk33~mQ~um,Q(y)dSy + L r Cijk33km3,3~Um(y)dSy. (2) Jsc n Jsc 
BOUNDARY INTEGRAL EQUATIONS FOR MULTIPLE CRACKS 
The boundary integral equations to determine crack opening displacements are 
formulated for the two-crack problem. The completely same procedure can be used 
for multiple cracks more than two. 
Boundary Integral Equations for a Crack 
On the crack surface, it is assumed to be traction free tj(x) = 0, that is 
x ESe (3) 
where aft (x) is the stress induced by the incident wave. From the boundary con-
dition (3), the boundary integral equation to determine the crack opening displace-
ment ~um(Y) can be obtained. In the numerical analysis, the quadratic shape func-
tions <I>a(Y) with 8 nodes are introduced to represent the crack surface Se and the 
crack opening displacements ~um are approximated by the same quadratic shape 
functions <I>a. Then for the point Xa on the crack surface Se, Equations (2) and (3) 
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can be written 
JfN (xa) = niCijka r q>b,a=~m3dSyAUbm + L niCijka r q>b=km3,adSyAubm Jsc n Jsc 
- niCijk3 r q>b,a=~madSyAubm + L niCijk3 r q>b=km3,3dSyAubm (4) Jsc n Jsc 
where ffN is the traction given by the incident wave ffN (xa) = -nialf (xa). In 
the actual numerical calculation of Equation (4), a technique of the quarter point is 
used for the crack tip element to represent the crack tip singularity. Equation (4) is 
abbreviated as 
(5) 
or simply 
fIN =KAu. (6) 
In Equation (5) f!f and Kajbm are defined as 
f!f = ffN (xa) = -nia{f (xa) (7) 
Kajbm = niCijka{ r q>b,a(Y)=~m3(Xa,y)dSy + L r q>b(Y)=km3,a(Xa,y)dSy} Jsc n Jsc 
+ niCijk3{ - r q>b,a(Y)=~ma(xa,y)dSy + L r q>b(Y)=km3,3(Xa,y)dSy} (8) Jsc n Jsc 
where Ct = 1,2. 
Boundary Integral Equations for Two Cracks 
We consider the two-crack problem as shown in Figure 2. In this case, the local 
coordinates on crack surfaces and a global coordinate are related by the well known 
coordinate transformation and we can transform Equation (6) to the global coordi-
nate. 
The system of integral equations for the two-crack problem shown in Figure 2 
can be written as 
(9) 
,:ftl~ 
~ 
Figure 2. Multiple scattering problem for two cracks. 
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where the suffix 1 of (·h denotes the quantity on the crack surface SCI and the suf-
fix 2 of (·h denotes the quantity on the crack surface SC2. Matrices Kll and K22 
have hyper singularity and they are evaluated from the process shown in Equations 
(1)-(8). On the other hand matrices K12 and K2l have no singularity and it is con-
venient to evaluate directly from the modified Equation (1) in the form 
ni(J~c(x) = niCijkl { Bkmn,l(x,y)nn~um(y)dSy. lsc 
BORN SERIES SOLUTION OF BOUNDARY INTEGRAL EQUATIONS 
(10) 
The system of boundary integral equations in Equation (9) is rearranged in the 
following form 
[K~l K~J {~:~} - [-~2l -~12] {~:~} = {~~~}. (11) 
In a compact form, Equation (11) is abbreviated to 
A.o.u - Bau = fIN (12) 
where A and B indicate the following diagonal and off-diagonal matrices 
(13) 
(14) 
Operation A-Ion both hand sides of Equation (12) leads to the expression 
(I - C)au = A -If IN (15) 
where 
(16) 
It is to be remarked that the matrix inversions are taken for Kll on the single crack 
surface SCI and K22 on the surface SC2, separately. Moreover, Equation (17) sug-
gests that the algorithm needs the multiplication of matrices in the order of single 
crack dimension. The formal solution au in Equation (15) can be written as 
00 
au = (I - C)-I A -If IN = ~ Ck A -If IN. (18) 
k=O 
Now we set 
(19) 
for the zeroth term in Equation (18). Then the solution o.u of Equation (18) can 
be written in the following form of Born series 
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AUl = Auo + CAuo 
AU2 = Auo + CAUl = Auo + CAllo + C2 Auo 
A~=Allo+CA~=Allo+CAllo+dAllo+~Allo 
(20) 
n 
AUn = Allo + CAUn-1 = L Ck Auo 
k=O 
This series converges when the condition 
"CII = lL!!Jl < 1 
"All 
(21) 
is satisfied. The zeroth order approximation Auo in Equation (19) is well known 
as the Born approximation for the weak scatterer. The meaning of the zeroth, the 
first, and the second terms in Equations (18)-(20) is schematically illustrated in 
Figure 3. 
CAuo C2Auo 
·1 IN AUo=Kufl ·1 ·1 IN = K22K2IKll fl ·1 ·1 ·1 IN =KU K12K22K21Kll fl 
t t t ~ ~ '-i ,.~ 
tuIN tuIN tuIN 
k=O k=l k=2 
Figure 3. Born series terms Ck Aua (k = 0,1,2,· .. ) for the calculation of the crack 
opening displacement Au. 
NUMERICAL CALCULATIONS 
Two Circular Crack Model 
Figure 4 shows the numerical model with two circular cracks. The radius of the 
crack is a for both cracks and two cracks exist in the Xl - X2 plane. The distance d 
of two cracks is defined here as the minimum edge to edge length of the cracks. The 
plane longitudinal incident wave uiN is propagating along the X3 axis. 
Convergence and Interaction Effect for Two Crack Model 
The convergence of the crack opening displacement Au for the Born series in-
tegral equation in Equations (15)-(20) is shown in Figure 5. Here the convergence 
rate En is defined as 
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Figure 4. Numerical model of two cracks with radius a. 
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Figure 5. Convergence rate of Born series integral equation: En defined in Equa-
tion (22). 
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I cn~uol En = .,----'-__ -'---,. 
I~~=o Ck~uo l (22) 
In Equation (22), En means the contribution of the nth term to the series so-
lution of order n . In Figure 5, the distance d/a of two cracks is 1.0 and the nondi-
mensionallongitudinal wave number akL is 1.0 and 1.5. From the results in Figure 
5, we can confirm that the convergence of the Born series integral equation is fairly 
good for the scattering problem of two cracks. 
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Figure 6. Scattering cross section P/rra2 for two neighboring cracks with distance 
d; Black circles are complete solution for two cracks and white circles show the val-
ues of 2 x (scattering cross-section for single crack) for reference. 
In order to investigate the interaction effect of two cracks, the scattering cross-
section P is calculated for the configuration of cracks in Figure 4. The method of 
calculation has been summarized in Ref.[l] and the same procedure can be used 
for two cracks. The black circles in Figure 6 show the normalized scattering cross-
section P/'7ra2 for two neighboring cracks. In Figure 6, d is the distance of two 
cracks. The nondimensional wave number is akL = 1.0. For reference, two times 
the value of scattering cross-section for single crack is shown in white circles. It is 
to be remarked that the dominant interaction effect is limited in the crack distance 
in the order of the dimension of a crack. 
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